We revisit the problem of plane monochromatic gravitational waves impinging upon a Schwarzschild black hole using complex angular momentum techniques. By extending our previous study concerning scalar and electromagnetic waves M. Ould El Hadj, Phys. Rev. D 99, 104079, (2019), arXiv:1901.03965], we provide complex angular momentum representations and Regge pole approximations of the helicity-preserving and helicity-reversing scattering amplitudes and of the total differential scattering cross section. We show, in particular, that for high frequencies (i.e., in the short-wavelength regime), a small number of Regge poles permits us to describe numerically with very good agreement the black hole glory and the orbiting oscillations and we then provide a semiclassical approximation that unifies these two phenomena.
In this article, we extend to gravitational waves our previous study concerning the Regge pole description of scattering of scalar and electromagnetic waves by a Schwarzschild black hole (BH) [1] . Scattering of gravitational waves by this BH is usually tackled from partial wave methods (see Refs. [2] [3] [4] [5] [6] as well as the monograph of Futterman, Handler and Matzner [7] ) which permit us to construct numerically the helicity-preserving and helicity-reversing scattering amplitudes as well as the total differential scattering cross section. By revisiting this problem from complex angular momentum (CAM) techniques, we shall show, in particular, that they provide a powerful tool of resummation of the partial wave expansions which is helpful to describe numerically and semiclassically, in terms of Regge poles, the BH glory and the orbiting oscillations. Our approach and our results could have interesting applications in the context of strong gravitational lensing of gravitational waves. Indeed, with the recent detection of gravitational waves generated by coalescing binaries [8] and with the planned development of ground-based and space-based interferometers of considerable sensitivity, it should be possible in a more or less distant future to observe gravitational signals gravitationally lensed by BHs.
It should be noted that we shall not go back on what makes CAM techniques and Regge pole analyses in BH physics interesting. We refer the reader to the introduction of our previous paper [1] and to references therein (see, in particular, Refs. [9] [10] [11] [12] [13] ) as well as to the introduction of Ref. [14] where we used the CAM approach to describe the gravitational radiation generated by a particle falling radially into the Schwarzschild BH.
Our paper is organized as follows. In Sec. II, by means of the Sommerfeld-Watson transform [15] [16] [17] and Cauchy's residue theorem, we construct for plane monochromatic gravitational waves impinging upon a Schwarzschild BH, exact CAM representations of the helicity-preserving and helicity-reversing scattering amplitudes and of the total differential scattering cross section. These CAM representations are split into a background integral in the CAM plane and a sum over the Regge poles of the S-matrices corresponding to the even and odd perturbations of the BH which, in addition, involves the associated residues. In Sec. III, we compute numerically, for various reduced frequencies, the Regge poles of the S-matrices, the associated residues and the background integrals. This permits us to reconstruct the scattering amplitudes and the cross section of the BH and to show that, in the short-wavelength regime, they can be described from the Regge pole sums alone with very good agreement. We also discuss the role of the background integral for low reduced frequencies, i.e., in the long-wavelength regime. In Sec. IV, from asymptotic expressions for the lowest Regge poles and the associated residues based on the correspondence Regge poles/"surface waves" propagating close to the photon sphere [10-12, 18, 19] , we provide an analytical approximation describing with very good agreement both the BH glory and a large part of the orbiting oscillations. In the Conclusion, we briefly consider possible extensions of our work. Throughout this article, we adopt units such that G = c = 1. We furthermore consider that the exterior of the Schwarzschild BH is defined by the line element ds 2 = −f (r)dt 2 +f (r) −1 dr 2 +r 2 dθ 2 +r 2 sin 2 θdϕ 2 where f (r) = 1 − 2M/r and M is the mass of the BH while t ∈] − ∞, +∞[, r ∈]2M, +∞[, θ ∈ [0, π] and ϕ ∈ [0, 2π] are the usual Schwarzschild coordinates. We finally assume a time dependence exp(−iωt) for gravitational waves.
II. SCATTERING AMPLITUDES AND SCATTERING CROSS SECTION FOR GRAVITATIONAL WAVES, THEIR CAM REPRESENTATIONS AND REGGE POLE APPROXIMATIONS
In this section, we first recall, for plane monochromatic gravitational waves impinging upon a Schwarzschild BH, the partial wave expansions of the differential scattering cross section and of the helicity-preserving and helicityreversing scattering amplitudes. We then provide exact CAM representations of these scattering amplitudes (and therefore of the cross section) by means of the Sommerfeld-Watson transform [15] [16] [17] and Cauchy's theorem. These representations are split into a background integral in the CAM plane and a sum over the Regge poles of the S-matrices corresponding to the even and odd perturbations which, in addition, involves the associated residues.
A. Partial wave expansion of the differential scattering cross section
Gravitational waves impinging upon a Schwarzschild BH can be considered as gravitational perturbations of the BH, a topic which has been the subject of lot of works since the pioneering articles by Regge and Wheeler [20] and Zerilli [21] (see also the monograph of Chandrasekhar [22] ). It should be recalled that these perturbations are divided into even (polar) and odd (axial) perturbations according to their even or odd parity in the antipodal transformation on the unit 2-sphere S 2 . Here, and in the following, we shall associate the parity symbols p = e with the even perturbations and p = o with the odd ones.
The differential scattering cross section for plane monochromatic gravitational waves impinging upon a Schwarzschild BH can be written in the form [5, 6] (see also Refs. [2] [3] [4] )
where f + (ω, x) and f − (ω, x) are scattering amplitudes which are given by
with
In the previous expressions, the variable x is linked to the scattering angle θ by x = cos θ, the functions P are the Legendre polynomials [23] while the differential operators L ± x which act on the partial-wave series (3) can be defined by
It should be noted that our notations for the scattering amplitudes (2) and (3) differ slightly from those that can be found in the literature. In fact, we have written these amplitudes in a form much more tractable in order to extract exact CAM representations from their partial wave expansions. It is important to recall that f + (ω, x) and f − (ω, x) are respectively the helicity-preserving and helicity-reversing scattering amplitudes.
We also recall that the S-matrix elements S (p) (ω) appearing in Eq. (3) can be defined from the modes φ in (p) ω . These modes are solutions of the homogeneous ZerilliMoncrief (for p = e) and Regge-Wheeler (for p = o) equations
with the Zerilli-Moncrief potential given by
and the Regge-Wheeler potential given by
In Eqs. (6) and (7), we have introduced the parameter Λ = ( − 1)( + 2) = ( + 1) − 2. The functions φ in (p) ω are defined by their purely ingoing behavior at the event horizon r = 2M (i.e., for r * → −∞)
while, at spatial infinity r → +∞ (i.e., for r * → +∞), they have an asymptotic behavior of the form
In the previous expressions, the coefficients A (−,p) (ω) and A (+,p) (ω) are complex amplitudes. They are related to the S-matrix elements appearing in Eq. (3) by
It is important to also recall that the solutions of the homogeneous Zerilli-Moncrief and Regge-Wheeler equations (5) are related by the Chandrasekhar-Detweiler transformation [22, 24] [
As a consequence, the coefficients A (±,p) (ω) satisfy the relations
and
and the definition (9) provides
B. CAM representation of the scattering amplitudes f + (ω, x) and f − (ω, x)
Sommerfeld-Watson representation of the scattering amplitudes
By means of the Sommerfeld-Watson transformation [15] [16] [17] which permits us to write
for a function F without any singularities on the real λ axis, we can replace in Eq. (3) the discrete sum over the ordinary angular momentum by a contour integral in the complex λ plane (i.e., in the complex plane with λ = + 1/2). By noting that P (x) = (−1) P (−x), we obtain
In Eqs. (13) and (14), we have taken Fig. 1 ). We can recover (3) from (14) by using Cauchy's residue theorem and by noting that the poles of the integrand in (14) are the zeros of cos(πλ) that are enclosed into C , i.e., the semi-integers λ = +1/2 with ∈ N−{0, 1}. It should be recalled that, in Eq. (14), the Legendre function of first kind P λ−1/2 (z) denotes the analytic extension of the Legendre polynomials P (z). It is defined in terms of hypergeometric functions by [23] 
Similarly, in Eq. (14) , S 2. Analytic extensions of the matrices S (e) (ω) and S (o) (ω) in the CAM plane
We can consider that the analytic extension of the matrix (16) where the complex amplitudes A (5)- (8) where we now replace by λ − 1/2. It is worth noting that the Chandrasekhar-Detweiler relations (11) lead, in the CAM plane, to
and, as a consequence, that the definition (16) provides
Here, with the deformation of the contour C in mind, it is important to note the symmetry property
which can be easily obtained from the definition (16) (see also Ref. [9] ). It is also important to remark that, due to the relation (17a), the poles of the matrices S (e) λ−1/2 (ω) and S
(o)
λ−1/2 (ω) in the complex λ plane (i.e., the so-called Regge poles) are identical. They lie in the first and third quadrants of the CAM plane, symmetrically distributed with respect to the origin O of this plane, and the poles λ n (ω) with n = 1, 2, 3, . . . lying in the first quadrant satisfy
In the following, the residues of the matrices S (e) λ−1/2 (ω) and S (o) λ−1/2 (ω) at these poles will play a central role. They are defined by
. (21) It is moreover worth noting that, due to the Chandrasekhar-Detweiler relations (17), we have
Modification of the contour defining the Sommerfeld-Watson representation of the scattering amplitudes
With the aim of collecting the Regge poles in mind, it is necessary to move the contour C to the left so that it coincides with the contour Fig. 1 ). Here, we extend our treatment of scattering of electromagnetic waves [1] . However, we then introduce two spurious double poles: the first one at λ = 1/2 (i.e., at = 0) which comes from the term 1/[(λ− 1/2) cos(πλ)] and the second one at λ = 3/2 (i.e., at = 1) which comes from the term 1/[(λ − 3/2) cos(πλ)]. It is necessary to remove the associated residue contributions and we obtain
The terms neutralizing the contributions of the spurious poles can be evaluated explicitly by using, in particular,
and we have
The terms S (25) can be numerically determined by solving the problem (5)- (8) . However, they do not contribute necessarily to the scattering amplitudes (2) . Indeed, by applying the differential operators L ± x on (25), we can show that
where the amplitudes f ± SP (ω, x) denote the contributions of the terms introduced in order to neutralize the spurious double poles at λ = 1/2 and λ = 3/2. These "shift corrections" are given by
Here it should be noted that the last expression could be slightly simplified by using the fact that [see Eq. (12)]
It is also interesting to note that only the helicityreversing scattering amplitude f − (ω, x) is affected by the shift of the integration contour. The helicity-preserving scattering amplitude f + (ω, x), just like the scattering amplitude associated with electromagnetic waves [1], is not altered.
CAM representation of the scattering amplitudes
We now deform the contour C in Eq. (26) in order to collect, by using Cauchy's residue theorem, the Regge pole contributions. This is achieved by following, mutatis mutandis, the approach developed in Ref.
[1] (see more particularly Sec. IIB3 and Fig. 1 of this previous article). As we have already noted in this work, this must be done very carefully and, in particular, we must deal with the contributions coming from the quarter circles at infinity with great caution. By using (19) and the relation [23] 
we obtain
where
is a background integral contribution (here we have
is a sum over the Regge poles lying in the first quadrant of the CAM plane involving the residues of the matrices S 
Of course, Eqs. (30)- (32) and (27) provide exact representations of the scattering amplitudes f ± (ω, x) equivalent to the initial partial wave expansions defined by Eqs. (1)- (4) . From these CAM representations, we can extract the contributions denoted by f ± RP (ω, x) given by (32) which, as sums over Regge poles, are only approximations of the scattering amplitudes f ± (ω, x) and which can provide us with an approximation of the differential scattering cross section (1).
Important remarks concerning background integrals
It is important to note that the path of integration associated with the background integrals f (31) is a continuous one running down first the positive imaginary axis and then running along C − , i.e., slightly below the positive real axis. The branch C − cannot be deformed in order to coincide exactly with the positive real axis. In fact, it can be deformed taking account the singularities of the integrand in the right-hand side of (31b). Indeed, at first sight, this integrand has a simple pole at λ = 1/2 and another one at λ = 3/2 and we must avoid these two poles by moving along semicircles of radius with → 0 + lying in the lower complex λ plane. In Fig. 2 , we have displayed the path of integration we shall now consider to define the background integrals f ± B (ω, x). We can then evaluate the background integral contributions f ± B,Re (ω, x) given by (31b) using again Cauchy's theorem. We have
where P.V. denotes the Cauchy principal value symbol associated with the treatment of the singularities of the integrand at λ = 1/2 and λ = 3/2. The two residue contributions in (34) can be evaluated explicitly by using the expression (33) as well as Eqs. (24a) and (24b). We then obtain
By finally applying the differential operators L ± x on this relation and by taking into account (28), we can show that
with f ± SP (ω, x) given by (27) .
It is interesting to note that, in fact, the integrand of the function f + B,Re (ω, x) given by (31b) is regular. Indeed, the divergence of 1/(λ − 1/2) for λ = 1/2 and of 1/(λ − 3/2) for λ = 3/2 is compensated by the vanishing of S 
III. RECONSTRUCTION OF SCATTERING AMPLITUDES AND OF THE DIFFERENTIAL SCATTERING CROSS SECTION FROM REGGE POLE SUMS
In this section, we compare numerically the exact differential scattering cross section defined by (1)- (3) as well as the helicity-preserving and helicity-reversing scattering amplitudes (2)-(3) with their CAM representations constructed in Sec. II B and, more particularly, with their Regge pole approximations (32) . This permits us to highlight the benefits of working with Regge pole sums in the short-wavelength regime and the necessity to include, in the long-wavelength regime, the contribution of the background integrals (31) and of the shift corrections (27) .
A. Computational methods
In order to numerically construct the scattering amplitudes (2)-(3), the differential scattering cross section (1)-(3), the background integrals (31) as well as the Regge pole sums (32), we use, mutatis mutandis, the computational methods that have permitted us, in Ref.
[1], to revisit from CAM techniques the scattering of scalar and electromagnetic waves by a Schwarzschild BH. We refer the reader to Sec. IIIA of this previous article but also to Secs. IIIB and IVA of Ref. [14] for the aspects linked with Regge poles. We note that, due to the long-range nature of the fields propagating on the Schwarzschild BH, the scattering amplitudes (2)-(3) and the background integrals (31b) suffer of a lack of convergence [this is not the case for the background integrals (31c) because their integrands vanish exponentially as λ → +i∞]. The methods permitting us to overcome this problem, i.e., to accelerate the convergence of these sums and integrals, are described in the Appendix of Ref.
[1]. Finally, it should be noted that we have performed all the numerical calculations by using Mathematica [25] .
B. Results and comments
In Figs. 3-12 , we have displayed our numerical results. The comparisons of the exact scattering amplitudes and scattering cross sections with their Regge pole approximations and CAM representations have been achieved for the reduced frequencies 2M ω = 0.3, 0.6, 1, 3 and 6 and, for these frequencies, we have provided the lowest Regge poles and the associated residues in Table I . The higher Regge poles and their residues that have been necessary to obtain some of the results displayed in the figures are available upon request from the authors.
In Figs. 9-12 , the results correspond to "high" reduced frequencies (here we have taken 2M ω = 3 and 6). We can then observe that, in the "short"-wavelength regime, the Regge pole approximations (32) involving a small number of Regge poles permit us to describe very well the cross section and the scattering amplitudes for intermediate and large values of the scattering angle and, in particular, the BH glory. Taking into account additional Regge poles improves the Regge pole approximations and we can see that, by summing over a large number of Regge poles, the whole scattering cross section as well as the scattering amplitudes are impressively described, this being valid even for small scattering angles. It is important to note that, in this wavelength regime, it is not necessary to take into account the background integrals and the shift corrections in order to reproduce the scattering amplitudes and the differential scattering cross section. As in the case of the scalar and electromagnetic fields, these contributions are completely negligible for intermediate and large scattering angles. It seems they begin to play a role only for small angles, i.e., for scattering angles θ 1/(2M ω). In Figs. 3-8 , we focus on the results obtained for low and intermediate reduced frequencies (here we have taken 2M ω = 0.3, 0.6 and 1). We can then observe that, in the long-wavelength regime, the Regge pole approximations (32) alone do not permit us to reconstruct the scattering amplitudes and the scattering cross sections but that this can be achieved by taking into account the background integral contributions (31) and the shift corrections (27) . Here we consider the helicitypreserving and helicity-reversing scattering amplitudes and we compare the exact results (2)- (3) with the corresponding Regge pole approximations (32) . In addition, we emphasize the role of the background integrals (31) and of the shift corrections (27) . (3) with its Regge pole approximation constructed from (32) . In addition, we emphasize the role of the background integrals (31) and of the shift corrections (27) . (2)- (3) with the corresponding Regge pole approximations (32) . In addition, we emphasize the role of the background integrals (31) and of the shift corrections (27) . (3) with its Regge pole approximation constructed from (32) . In addition, we emphasize the role of the background integrals (31) and of the shift corrections (27) . (2)- (3) with the corresponding Regge pole approximations (32) . In addition, we emphasize the role of the background integrals (31) and of the shift corrections (27) . Scattering cross section of a Schwarzschild BH for gravitational waves (2M ω = 6). We emphasize the role of the helicity-preserving and helicity-reversing scattering amplitudes and we compare the exact results (2)- (3) with the corresponding Regge pole approximations (32) .
IV. BH GLORY AND ORBITING OSCILLATIONS
We now extend to the case of gravitational waves the approach developed in our previous paper, where we derived an analytical approximation fitting both the backward glory and a large part of the orbiting oscillations for the scattering of scalar and electromagnetic waves (see, Sec. IV of Ref.
[1] for details and for our motivations). In order to obtain such an approximation for the helicity-preserving and helicity-reversing scattering amplitudes and for the total differential scattering cross section, we need asymptotic approximations at large reduced frequencies 2M ω for the Regge poles λ n (ω) and for the associated residues r (e) n (ω) and r (o) n (ω). We shall use the asymptotic form
where a n = 2 3
for the Regge poles [18] and
where ξ = 7 + 4 √ 3 and y = 3 − 3 √ 3 + 4 ln 2 − 3 ln ξ (40)
for the odd residues [26] . As far as the even residues are concerned, they can be obtained by inserting (39) into (22) . Here, it is important to recall that (37) and (39) which are accurate only for the lowest Regge poles and the associated residues are obtained by assuming the correspondence Regge poles/"surface waves" propagating close to the photon sphere [10-12, 18, 19] . From the technical point of view, (37) is derived by using a WKB approximation to solve the Regge-Wheeler equation defined by Eqs. (5) and (7) or, more precisely, by extending to Regge poles the approach developed in the context of the determination of the QNMs by Schutz, Iyer and Will [27] [28] [29] (see also Refs. [19, 30] ). Similarly, (39) has been derived in Ref. [26] by extending to Regge poles the calculations which have permitted to Dolan and Ottewill to derive an analytical expression for the QNM excitation factors [31] . By inserting now the approximations (37) for the Regge poles and (39) for the odd residues into the Regge pole sums (32) where we take in addition into account (22) , we have at our disposal analytical approximations for the scattering amplitudes and for the cross section associated with gravitational waves which are formally valid for 2M ω → +∞. It should be however noted that the Regge pole sums can only involve a small number of terms because the approximations (37) and (39) are accurate only for the lowest Regge poles. As a consequence, from a theoretical point of view, our analytical Regge pole approximations cannot describe the cross sections for small scattering angles.
In Figs. 13 and 14 , we compare the exact scattering amplitudes and the exact scattering cross section with their analytical approximations constructed below. The comparisons are achieved for the reduced frequencies 2M ω = 3 and 6 and the summations are over the first five Regge poles. In these figures, we have in addition displayed the usual formula for the backward glory scattering cross section for gravitational waves which is given by [32] 
and which is formally valid for 2M ω 1 and |θ −π| 1. Here, J 4 is a Bessel function of the first kind. It should be noted that (41) encodes only the contribution of the first backward glory and that the numerical factors appearing in this approximation are those obtained in Ref. [33] . We can observe that the analytical Regge pole approximations permit us to reproduce with very good agreement both the glory cross section [more precisely than (41)] and a large part of the orbiting cross sections. Glory scattering and orbiting scattering are usually considered as two different effects [4, 32, 34, 35] and are described analytically by two different semiclassical analytic formulas (see Refs. [32] and [35] as well as Sec. 4.7.2 of Ref. [36] for a concise presentation). Here, we prove that it is possible from Regge pole sums to describe analytically both phenomena in a unique formula. In fact, by using the Regge pole approach of BH physics, we consider that glory and orbiting effects are not fundamentally different insofar as they are both generated by the excitation of surface waves propagating close to the BH photon sphere and are a consequence of diffractive effects due to this hypersurface [10-12, 18, 19, 26] . The asymptotic expressions (37) and (39) which are a direct consequence of this point of view and which are valid in the short-wavelength regime have permitted us to obtain this unified result.
In Fig. 15 , we now display the scattering amplitudes and the exact scattering cross section constructed from analytical Regge pole sums involving a large number of terms. Despite the inaccuracy of the approximations (37) and (39) for the higher Regge poles, it is surprising to observe that we are able to describe the scattering amplitudes and the cross section in a wide range of scattering angles.
V. CONCLUSION AND PERSPECTIVES
Scattering from BHs is usually is tackled from partial wave methods. We are developing an alternative approach based on the analytic extension of the S-matrix in FIG. 14. Scattering amplitudes and scattering cross section of a Schwarzschild BH for gravitational waves (2M ω = 6). We compare the exact results given in Sec. II A with those obtained from the analytical Regge pole approximations constructed in Sec. IV. We also display the glory cross section described by (41). Sec. IV where we sum over a large number of terms despite the inaccuracy of the approximations (37) and (39) for the higher Regge poles. We also display the glory cross section described by (41).
the CAM plane and the use of Regge poles. It is very efficient in the short-wavelength regime where it allows us (i) to extract by resummation the information encoded in partial wave expansions and to overcome the difficulties linked to their lack of convergence due to the long-range nature of the fields propagating on BHs, (ii) to describe numerically, with an impressive agreement, the BH glory occurring in the backward direction as well as the orbiting oscillations appearing on the differential scattering cross sections for small and intermediate scattering angles and (iii) to describe semiclassically the BH glory and the orbiting oscillations by providing an accurate approximation that unifies these two phenomena (without the need for additional fitting parameters [35] ) and which is far superior to existing formulas [32, 35] . The CAM approach of scattering of massless fields by the Schwarzschild BH we have developed in our previous work [1] and in the present article is more general than it seems. Indeed, a major part of the formalism can be repeated identically in the context of scattering by fourdimensional, asymptotically flat, static spherically symmetric BHs (regular or not) as well as for some models of compact bodies described by Einstein's general relativity. In fact, if we consider a problem for which (i) the S-matrix has a behavior at infinity in the CAM plane which is identical to that of the Schwarzschild BH and (ii) the Regge pole spectrum has a structure in the CAM plane quite similar to that of the Schwarzschild BH, then only the numerical aspects of our work and, of course, the physical interpretation of the results must be modified or adapted.
We hope in next works to explore implications of our results in the context of strong gravitational lensing of electromagnetic and gravitational waves by BHs [26] . A more challenging task is the extension of our study to scattering of waves by a Kerr BH. We also hope to make progress in this direction in the near future. 
